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Abstract
We study certain commutative regular semisimple Banach algebras which we call hyper-
Tauberian algebras. We ﬁrst show that they form a subclass of weakly amenable Tauberian
algebras. Then we investigate the basic and hereditary properties of them. Moreover, we show
that if A is a hyper-Tauberian algebra, then the linear space of bounded derivations from A into
any Banach A-bimodule is reﬂexive. We apply these results to the Figà–Talamanca–Herz algebra
Ap(G) of a locally compact group G for p ∈ (1,∞). We show that Ap(G) is hyper-Tauberian
if the principal component of G is abelian. Finally, by considering the quantization of these
results, we show that for any locally compact group G, Ap(G), equipped with an appropriate
operator space structure, is a quantized hyper-Tauberian algebra. This, in particular, implies that
Ap(G) is operator weakly amenable.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Tauberian algebra; Local operators; Approximately local derivations; Locally compact groups;
Fourier algebra; Figà–Talamanca–Herz algebra; Operator spaces; Weak amenability
The idea of this paper was initially motivated by the study of local derivations
from commutative regular semisimple Banach algebras. Let A be a Banach algebra,
and let X be a Banach A-bimodule. An operator D : A → X is a local derivation
if for each a ∈ A, there is a derivations Da : A → X such that D(a) = Da(a).
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This concept was introduced by Kadison [17] and was motivated by his and Ringrose’s
earlier investigation of Hochschild cohomology of various operator algebras. These
maps also arise from the study of algebraic reﬂexivity of the linear space of deriva-
tions [19]. Kadison showed that if A is a von Neumann algebra and X is a dual
Banach A-bimodule, then bounded local derivations from A into X are derivations.
Johnson extended these results and showed that if A is a C∗-algebra, then local deriva-
tions from A into any Banach A-bimodule are derivations [16] (for more results on
local derivations see [11,25] and the references therein). Johnson showed that it is
enough to establish the result for the commutative regular semisimple Banach al-
gebra C0(R). For C0(R), he deduced his result by studying “local operators” from
this algebra and using certain hereditary properties of C0(R). It is shown in [24]
that the essential part in Johnson’s approach is the fact that “bounded local opera-
tors from C0(R) into C0(R)∗ are multipliers”. This was used to extend his result to
other classes of commutative regular semisimple Banach algebras which have the above
property.
In this paper, we continue to study these types of commutative Banach algebras. We
call them hyper-Tauberian algebras. We ﬁrst show that the class of hyper-Tauberian
algebras is a proper subclass of weakly amenable Tauberian algebras. Then we investi-
gate the basic and hereditary properties of them in terms of their ideals, tensor products
and algebra homomorphisms (Sections 3 and 4). In particular, we show that there is
a close relationship between hyper-Tauberian algebras and sets of (local) synthesis
(Theorems 6, 7, and Corollary 8).
In Section 5, we investigate the algebraic reﬂexivity (respectively, reﬂexivity) of the
linear space of derivations (respectively, bounded derivations) from a hyper-Tauberian
algebra. To do that, we use the concept of approximately local derivations that was intro-
duced in [25]. We show that bounded approximately local derivations from
hyper-Tauberian algebras are derivations. This, in particular, implies that the linear space
of bounded derivations from a hyper-Tauberian algebra is reﬂexive. It also extends the
main result of [24]. We also present some results toward the algebraic reﬂexivity of
linear space of derivations from a hyper-Tauberian algebra.
Let G be a locally compact group, and let Ap(G) be the Figà–Talamanca–Herz
algebra of G for p ∈ (1,∞). Forrset and Runde have shown in [8] that if the principal
component of G (i.e. the largest connected set in G containing the identity) is abelian,
then the Fourier algebra A(G) := A2(G) is weakly amenable. We extend their result
by showing that for these kinds of groups, Ap(G) is hyper-Tauberian (Theorem 22).
So, in particular, Ap(G) is weakly amenable.
Since A(G) is the predual of the von Neumann algebra VN(G), it has a natural
operator space structure which turns it into a “quantized” Banach algebra [4]. In [23],
Ruan showed that a locally compact group G is amenable if and only if A(G) is
operator amenable. In [18], Lambert, Neufang, and Runde introduced an operator space
structure on Ap(G) that turns it into a quantized Banach algebra. As an application,
they extended Ruan’s result and showed that G is amenable if and only if Ap(G)
is amenable for all-and equivalently for one- p ∈ (1,∞). It was asked in the above
reference whether other quantized cohomological properties of A(G) can be extended to
Ap(G). One of those results, obtained by Spronk, states that A(G) is always operator
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weakly amenable [27]; see also [24]. In the ﬁnal section, we show that the answer
to this question is afﬁrmative. To do this, we ﬁrst look at quantized hyper-Tauberian
algebras and deduce the quantized results we obtained for hyper-Tauberian algebras.
Then we show that for any locally compact group G, Ap(G) is a quantized hyper-
Tauberian algebra. This, in particular, implies that Ap(G) is operator weakly amenable.
It also shows that completely bounded approximately local derivations from Ap(G) are
derivations.
1. Preliminaries
Throughout this paper, A and B are commutative regular semisimple Banach algebras
with the carrier spaces A and B , respectively. Let I be a closed ideal in A. The hull
of I is
{t ∈ A | a(t) = 0 for all a ∈ I },
and it is denoted by h(I). Let E be a subset of A. Put
I (E) = {a ∈ A | a = 0 on E}
and
I0(E) = {a ∈ A | a has a compact support disjoint from E}.
Let E be a closed set. Then I (E) is the largest and I0(E) is the smallest ideal in A
whose hull is E [2, Proposition 4.1.20]. We say that E is a set of synthesis for A if
there is a unique closed ideal in A whose hull is E. So E is a set of synthesis for A
if and only if I0(E) is dense in I (E). If we let J (E) be the closure of
{a ∈ I (E) | supp a is compact},
then E is a set of local synthesis for A if I0(E) is dense in J (E) (see [13]). It is clear
that every set of synthesis is a set of local synthesis. Let Ac be the set of all elements
in A with the compact support. If Ac is dense in A, i.e. A is a Tauberian algebra [22],
then J (E) is a maximal ideal of A having E as its hull and being essential as a Banach
A-bimodule. So if E is a set of local synthesis, then J (E) is the only closed ideal in
A with this property.
Let X and Y be Banach spaces, and let L(X, Y ) and B(X, Y ) be the spaces of
(linear) operators and bounded operators from X into Y, respectively. Let S be a linear
subspace of L(X, Y ). For each x ∈ X, let Sx = {S(x) | S ∈ S}, and let [Sx] be the
norm-closure of Sx. Put
refa(S) = {T ∈ L(X, Y ) | T (x) ∈ Sx, x ∈ X};
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and if S ⊆ B(X, Y ), put
ref(S) = {T ∈ B(X, Y ) | T (x) ∈ [Sx], x ∈ X}.
Suppose that S ⊆ L(X, Y ). Then S is algebraically reﬂexive if S = refa(S) and when
S ⊆ B(X, Y ), it is reﬂexive if S = ref(S). For more on these notions see [19] and the
references therein.
Let X be a Banach A-bimodule. An operator D : A → X is a derivation if for all
a, b ∈ A, D(ab) = aD(b) + D(a)b. Let Z1(A,X) and Z1(A,X) be the linear spaces
of derivations and bounded derivations from A into X, respectively.
Let G be a locally compact group, and let p ∈ (1,∞). Let q ∈ (1,∞) be the dual
of p, i.e. 1
p
+ 1
q
= 1. The Figà–Talamanca–Herz algebra Ap(G) consists of those
functions f : G → C where there are sequences {an}∞n=1 in Lp(G) and {bn}∞n=1 in
Lq(G) such that
∞∑
n=1
‖an‖Lp(G)‖bn‖Lq(G) < ∞
and
f =
∞∑
n=1
an ∗ bˇn,
where uˇ(x) = u(x−1) for any functions u : G → C and x ∈ G. It is easy to see that
Ap(G) with the norm
‖f ‖p = inf
{ ∞∑
n=1
‖an‖Lp(G)‖bn‖Lq(G) | f =
∞∑
n=1
an ∗ bˇn
}
is a Banach space. It was shown by Herz that, with pointwise addition and multiplica-
tion, Ap(G) is a commutative regular semisimple Banach algebra whose carrier space
is G [12,13]. If p = q = 2, then A(G) := A2(G) is the Fourier algebra of G which has
already been studied extensively by Eymard [5]. Finally, we note that by Herz [12],
Ap(G) is a Banach A(G)-bimodule.
2. Local operators
Let X be a Banach left (right) A-module. For x ∈ X, the annihilator AnnA(x)
of x is
AnnA(x) = {a ∈ A | ax = 0 (xa = 0)}.
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AnnA(x) is clearly a closed ideal in A. The hull of AnnA(x) is called the support of
x (in A), denoted by suppA x. We will write “supp x” instead of “suppA x” whenever
there is no risk of ambiguity. In the case X = A where we regard A as a Banach (left
or right) A-module on itself, the support of an element a ∈ A coincides with the usual
deﬁnition of supp a, namely cl{t ∈ A | a(t) = 0}.
By [24, Lemma 2.1], t /∈ supp x if and only if there is a compact neighborhood V of
t in A such that, for every element a ∈ A, if supp a ⊆ V , then ax = 0 (xa = 0). In
particular, if a ∈ A and x ∈ X are such that supp a is compact and supp a∩supp x = ∅,
then, by applying a suitable partition of unity on supp a, we have ax = 0 (xa = 0).
Deﬁnition 1. Let X and Y be Banach left (right) A-modules. An operator T : X → Y
is local with respect to the left (right) A-module action if supp T (x) ⊆ supp x for all
x ∈ X.
Proposition 2. Let A be a Tauberian algebra, and let X be Banach left (right) A-
module. Then a bounded operator T : A → X is local if supp T (a) ⊆ supp a for each
a ∈ Ac.
Proof. We prove the statement in the case of left module. The other case can be shown
similarly. Let a ∈ A and t /∈ supp a. There is an open subset V in A such that t ∈ V ,
V is compact and V ∩ supp a = ∅. By the regularity of A, there is e ∈ Ac such that
e = 1 on V and e = 0 on supp a. So
ae = 0. (1)
Since A is Tauberian, there is a sequence {an} in Ac such that an → a as n → ∞. Put
en = an − ane. Then
en ∈ Ac and en = 0 on V (2)
for all n. Moreover, from (1),
en − a = an − ane − a = (an − a) − (an − a)e.
Hence en → a as n → ∞. Now let c ∈ A with supp c ⊆ V . Then supp c and supp en
are compact. Moreover, from (2),
supp c ∩ supp T (en) ⊆ supp c ∩ supp en ⊆ V ∩ V c = ∅.
Therefore cT (en) = 0, and so, by letting n → ∞, cT (a) = 0. Hence t /∈ supp T (a).
Therefore supp T (a) ⊆ supp a for all a ∈ A. 
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Let X and Y be Banach left (right) A-modules. It is easy to see that every left
(right) A-module morphism from X into Y is a local operator. We ﬁnish this section by
the following proposition which indicates that, under some additional assumptions, the
converse of the above statement can also be true. We will use this result throughout
this paper.
We recall that, for Banach left [right] A-module X, an operator T : A → X is a right
[left] multiplier if T (ab) = aT (b) [T (ab) = T (a)b] for all a, b ∈ A. Also X is essential
if it is the closure of AX = span{ax | a ∈ A, x ∈ X} [XA = span{xa | a ∈ A, x ∈ X}].
A Banach A-bimodule X is essential if it is essential both as a Banach left and right
A-module.
Proposition 3. If bounded local operators from A into A∗ are multipliers, then, for
essential Banach left (right) A-modules X and Z, and an essential Banach right (left)
A-module Y,
(i) every bounded local operator T from X into Y ∗ is a left (right) A-module morphism;
(ii) if A has a bounded approximate identity, then the result in (i) is also true for
every bounded local operator T from X into Z.
Proof. We prove the result for the case when X and Z are left modules and Y is a
right module. The proof of the other cases follows similar lines.
(i) Let x ∈ X and y ∈ Y . Deﬁne
Lx : A → X, Lx(a) = ax, (a ∈ A),
Ky : Y
∗ → A∗, 〈Ky(y∗), a〉 = 〈y∗, ya〉 (a ∈ A, y∗ ∈ Y ∗).
It is easy to see that Lx and Ky are bounded left A-module morphisms. Hence Ky ◦
T ◦Lx is a bounded local operator from A into A∗, and so it is a multiplier. Therefore
Ky(T (abx) − aT (bx)) = 0 for all a, b in A and x ∈ X. So, for each c ∈ A,
〈T (abx) − aT (bx), yc〉 = 0.
The ﬁnal result follows by the essentiality of X and Y.
(ii) Suppose that A has a bounded approximate identity {e}∈. For z∗ ∈ Z∗, by
replacing Ky with
K ′z∗ : Z → A∗, 〈K ′z∗(z), a〉 = 〈z∗, az〉
and applying a similar argument to the one made in (i), we can show that
a[T (bx) − bT (x)] = 0. (3)
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On the other hand, by Cohen’s factorization theorem, there is c ∈ A and z ∈ Z such
that T (bx) − bT (x) = cz. So we have the ﬁnal result by putting a = e in (3) and
letting  → ∞. 
3. Deﬁnition and basic properties of hyper-Tauberian algebras
In Proposition 3 we showed that if bounded local operators from A into A∗ are
multipliers, then we can characterize bounded local operators from essential modules
of A into their dual. This, together with the other results of the following two sections,
is the motivation behind the following deﬁnition.
Deﬁnition 4. We say that A is a hyper-Tauberian algebra if every bounded local op-
erator T from A into A∗ is a (left or right) multiplier.
We recall that a Banach A-bimodule X is called a symmetric Banach A-module if for
all a ∈ A and x ∈ X, ax = xa. We say that A is weakly amenable if every bounded
derivation from A into A∗ is zero, or equivalently, every bounded derivation from A
into any symmetric Banach A-module is zero [2, Theorem 2.8.63]. The next theorem
shows that the class of hyper-Tauberian algebras is a subclass of weakly amenable
Tauberian algebras. Later on, we present an example to show that the converse is not
true (see Remark 24(ii)).
We note that if A is Tauberian, then, by the regularity of A [2, Proposition 4.1.18],
Ac = A2c , where Ac is the set of all elements in A with the compact support. Thus
A = A2, and so A is essential as a Banach A-bimodule on itself.
Theorem 5. Let A be a hyper-Tauberian algebra. Then
(i) A is Tauberian;
(ii) each singleton subset {t} of A is a set of synthesis for A;
(iii) A is weakly amenable.
Proof. (i) Let f ∈ A∗ such that f = 0 on Ac, and let  ∈ A∗ such that  = 0 on Ac.
Deﬁne the bounded operator S : A → A∗ by
S(a) = (a)f (a ∈ A).
Since f = 0 on Ac, af = 0 for all a ∈ Ac. Thus supp f = ∅. Therefore S is local,
and so, by hypothesis, it is a multiplier. Take b ∈ Ac with (b) = 0. By the regularity
of A, there is a ∈ A such that a = 1 on supp b. So ab = b. Hence
S(b) = S(ab) = aS(b) = (b)af = 0.
Therefore (b)f = 0, and so f = 0. Thus Ac is dense in A.
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(ii) Let F ∈ A∗ such that F = 0 on I0(t), and let t be the multiplicative linear
functional on A deﬁned by t (a) = a(t) for all a ∈ A. Deﬁne the bounded operator
T : A → A∗ by
T (a) = F(a)t (a ∈ A).
We claim that T is local. We ﬁrst show that
I = {c ∈ A | t /∈ supp c} ⊆ I0(t). (4)
Let c ∈ I , and let V be a compact neighborhood of t in A such that V ∩ supp c = ∅.
By the regularity of A, there is e ∈ A such that e = 1 on V and e = 0 on supp c. In
particular,
ce = 0. (5)
Since, from (i), A is Tauberian, there is a sequence {cn} in Ac such that cn → c as
n → ∞. Put en = cn − cne. Then, since e = 1 on V, en = 0 on V for all n. Therefore
en ∈ I0(t). Moreover, from (5),
en − c = cn − cne − c = (cn − c) − (cn − c)e.
Hence en → c as n → ∞. Thus c ∈ I0(t). This proves (4). Now let a ∈ A. We
consider the following two cases:
Case I: t /∈ supp a. Then a ∈ I . However, F = 0 on I0(t), and so, from (4), F = 0
on I. Thus T (a) = 0. Therefore supp T (a) = ∅.
Case II: t ∈ supp a. Let s /∈ supp a. There is a compact neighborhood U of s in
A such that U ∩ supp a = ∅. Let b ∈ A with supp b ⊆ U . Since t ∈ supp a and
supp b ∩ supp a = ∅, t /∈ supp b. Thus b(t) = 0. Hence
〈bT (a), c〉 = 〈T (a), cb〉 = F(a)t (cb) = 0,
for all c ∈ A. Therefore bT (a) = 0, and so s /∈ supp T (a).
Therefore, in either of the above cases, we have supp T (a) ⊆ supp a. Thus T is a
bounded local operator, and so it is a multiplier. Now let a ∈ I (t) and b ∈ Ac. Then,
for all c ∈ A,
〈T (ba), c〉 = 〈T (b)a, c〉 = 〈T (b), ac〉 = F(b)t (ac) = 0.
Thus
〈T (a), cb〉 = 〈bT (a), c〉 = 〈T (ba), c〉 = 0.
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Therefore T (a) vanishes on Ac · A. However, Ac · A contains A2c = Ac, and so it is
dense in A. Thus T (a) = 0. Therefore F vanishes on I (t). Hence I (t) = I0(t).
(iii) Let D : A → A∗ be a bounded derivation. We ﬁrst show that D is local.
Let a ∈ A, t /∈ supp a, and let V be a compact neighborhood of t in A such that
V ∩ supp a = ∅. Let c ∈ A with supp c ⊆ V . By the regularity of A, there is e ∈ A
such that e = 1 on V and e = 0 on supp a. Therefore
ca = 0, ce = c and ae = 0.
Thus
cD(a) = ceD(a) = cD(a)e = D(ca)e − D(c)ae = 0.
Hence t /∈ suppD(a). Therefore D is local, and so it is a multiplier. Thus D(a)b =
D(ab) = aD(b) + D(a)b for all a, b ∈ A. Hence aD(b) = 0. Therefore D(b) = 0
since A2 = A. 
In [10], Groenbaek has given a necessary and sufﬁcient condition for a commutative
Banach algebra A to be weakly amenable in terms of the projective tensor product
A⊗̂A. As we will see in the following theorem, there is also a parallel characterization
for certain hyper-Tauberian algebras.
We note that if A⊗̂B is semisimple, then it is a commutative semisimple regular
Banach algebra with the carrier space A × B [1, Proposition 42.19 and Corollary
23.9].
Theorem 6. Let A be a Tauberian algebra such that A⊗̂A is semisimple. Then A is
hyper-Tauberian if and only if the diagonal  = {(t, t) | t ∈ A} is a set of local
synthesis for A⊗̂A.
Proof. “⇐”: Let T : A → A∗ be a bounded local operator, and let T˜ : A⊗̂A → C
be a functional speciﬁed by
T˜ (a ⊗ b) = 〈T (a), b〉 (a, b ∈ A).
Pick a and b in Ac such that supp a ∩ supp b = ∅. By the regularity of A, there is
e ∈ A such that e = 1 on supp b, so that, b = eb. Since T is local,
supp b ∩ supp T (a) ⊆ supp b ∩ supp a = ∅.
So bT (a) = 0, and hence T˜ (a ⊗ b) = 〈T (a), b〉 = 〈bT (a), e〉 = 0. So T˜ vanishes on
J, where
J = span{a ⊗ b ∈ A⊗̂A | a, b ∈ Ac and supp a ∩ supp b = ∅}.
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But J is a closed two-sided ideal whose hull is the diagonal and is also essential as a
Banach A⊗̂A-bimodule. So, by hypothesis, J = J (). Therefore, for all a, b, c ∈ Ac,
T˜ (ac ⊗ b) = T˜ (a ⊗ cb) since ac ⊗ b − a ⊗ cb ∈ J (). Thus
〈T (ac), b〉 = 〈T (a), cb〉 = 〈T (a)c, b〉.
The ﬁnal result follows from the fact that Ac is dense in A.
“⇒”: Let T ∈ (A⊗̂A)∗ such that T = 0 on I0(). We show that T = 0 on J ().
Deﬁne the bounded operator T : A → A∗ by
〈T (a), b〉 = T (a ⊗ b) (a, b ∈ A).
We show that T is local. Take a ∈ A and t /∈ supp a. By Proposition 2, we can
assume that supp a is compact. There is a compact neighborhood V in A such that
t ∈ V and V ∩ supp a = ∅. Now let c ∈ A with supp c ⊆ V . Then for every b ∈ A,
supp (bc) ⊆ V . Thus supp (bc)∩supp a = ∅. Moreover, supp bc and supp a are compact.
Therefore a ⊗ bc ∈ I0(). Hence
〈cT (a), b〉 = 〈T (a), bc〉 = T (a ⊗ bc) = 0.
Therefore t /∈ supp T (a). Thus T is a bounded local operator, and so, by hypothesis, it is
a multiplier. Now let c, d ∈ A and u =∑∞i=1 ai⊗bi ∈ I (). If we let  : A⊗̂A → A be
the multiplication operator speciﬁed by (a⊗b) = ab, then, with the assumption of the
semisimplicity of A⊗̂A, it is easy to verify that I () = ker . Hence ∑∞i=1 aibi = 0,
and so
T [(c ⊗ d)u] =
∞∑
i=1
T (cai ⊗ dbi)
=
∞∑
i=1
〈T (cai), dbi〉
=
∞∑
i=1
〈T (c)ai, bid〉
= 〈dT (c),
∞∑
i=1
aibi〉
= 0.
Therefore T = 0 on (A⊗̂A)I (). However, J () is the closure of
{u ∈ I () | supp u is compact}
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which is a subset of (A⊗̂A) · I () since A⊗̂A is Tauberian. Hence T = 0 on J ().
This completes the proof. 
4. Hereditary properties of hyper-Tauberian algebras
In this section, we give a characterization of hyper-Tauberian algebras in terms of
their ideals, tensor products and algebra homomorphisms.
Let I be a closed ideal in A, and let E = h(I). Then, by [2, Proposition 4.1.11]
and [22, Theorem 2.7.2], I is a commutative semisimple regular Banach algebra with
the carrier space A \ E. Moreover, I0(E) is equal to Ic, the set of all elements in I
which have compact support in I . To see this, ﬁrst we note that I0(E) ⊆ Ic. On the
other hand, let a ∈ I such that suppI a is compact. Since suppI a ⊆ A \E ⊆ A and
compactness is a topologically invariant property, suppI a is also compact as a subset
of A, and so it is closed. Therefore, since {t ∈ A | a(t) = 0} is a subset of suppI a,
its closure, which is supp a, is also subset of suppI a. Thus suppA a = suppI a, and so
it is compact and disjoint from E. Hence a ∈ I0(E).
Theorem 7. Let A be a hyper-Tauberian algebra. Then
(i) a closed ideal I in A is hyper-Tauberian if and only if I = I0(E) for some closed
subset E of A;
(ii) a closed subset E of A is a set of synthesis (local synthesis) for A if and only
if I (E) (J (E)) is hyper-Tauberian.
Proof. (i) Let I be hyper-Tauberian. Then, from Theorem 5(i), I is a Tauberian algebra.
Hence Ic is dense in I. However Ic = I0(E) for E = h(I). Therefore I = I0(E).
Conversely, let I = I0(E) for some closed subset E of A, and let T : I → I ∗ be a
bounded local operator with respect to I-module actions. We ﬁrst show that T is local
with respect to A-module actions. Let a ∈ I , t /∈ suppA a, and let V be a compact
neighborhood of t in A such that V ∩ suppA a = ∅. Let c ∈ A with suppA c ⊆ V , and
let v ∈ I0(E). By the regularity of A, there is u ∈ Ac such that u = 1 on suppA v and
u = 0 on an open set containing E. Thus
u ∈ I0(E) and vu = v. (6)
Hence uc ∈ I0(E) = Ic. Moreover, since T is local with respect to I-module actions,
suppI (uc) ∩ suppI T (a) ⊆ suppA c ∩ suppI a
⊆ V ∩ suppA a
= ∅.
Therefore ucT (a) = 0, and so, by (6)
〈cT (a), v〉 = 〈cT (a), vu〉 = 〈ucT (a), v〉 = 0.
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Hence cT (a) vanishes on I0(E) = I . Thus cT (a) = 0. Therefore t /∈ suppA T (a).
Hence T is local with respect to A-module actions, and so, by hypothesis and Proposition
3, it is a multiplier. Thus T (ab) = aT (b) for all a ∈ A and b ∈ I . In particular, T is
a multiplier. Therefore I is hyper-Tauberian. The statement in (ii) follows immediately
from (i) and the deﬁnition of set of synthesis and local synthesis. 
Corollary 8. Let A be a hyper-Tauberian algebra. Then every ﬁnite subset of A is a
set of synthesis for A.
Proof. Let E be a ﬁnite subset of A, and let n be the cardinality of E. We prove the
statement by induction on n. For n = 1, the result follows from Theorem 5(ii). Now
assume that the result is true for n = k. Let t ∈ E and put F = E \ {t}. By induction,
F is a set of synthesis, and so, by Theorem 7(ii), I (F ) is hyper-Tauberian. Moreover,
I (E) = {a ∈ I (F ) | a(t) = 0}, (7)
where the right-hand side in (7) is exactly the largest ideal in I (F ) whose hull is the
singleton {t}. However, by Theorem 5(ii), {t} is a set of synthesis for I (F ). Therefore,
from Theorem 7(ii), I (E) is hyper-Tauberian. Hence E is a set of synthesis for A. This
completes the proof. 
Let I be a closed ideal in A, and let E = h(I). Then A/I is semisimple if and only
if I = I (E) [2, p. 412]. In this case, A/I is a commutative semisimple regular Banach
algebra with the carrier space E (see [2, Proposition 4.1.11]; [22, Theorem 2.7.2]).
Theorem 9. Let E be a closed subset of A. If I (E) and A/I (E) are hyper-Tauberian,
then A is hyper-Tauberian.
Proof. Put I = I (E). We ﬁrst note that A is Tauberian since I and A/I are Tauberian.
Let T : A → A∗ be a bounded local operator, and let  : I → A be the inclusion
map. Then ∗ ◦ T ◦  : I → I ∗ is local with respect to I-module actions, and so it is a
multiplier. Thus
∗(T (ab)) = a∗(T (b)) (a, b ∈ I ). (8)
Let a ∈ A and b ∈ I0(E). Then, since T is local,
suppA(T (ab) − aT (b)) ⊆ suppA b ⊆ A \ E.
On the other hand, if V is a compact neighborhood in A \ E and c ∈ A with
suppA c ⊆ V , then c ∈ I0(E) and there is e ∈ I0(E) such that ec = c. Thus, for all
d ∈ A,
〈c[T (ab) − aT (b)], d〉 = 〈ec[T (ab) − aT (b)], d〉
= 〈c[T (ab) − aT (b)], de〉
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= 〈∗[cT (ab) − caT (b)], de〉
= 0,
where the last equality follows from (8). Thus suppA(T (ab) − aT (b)) = ∅, and so
T (ab) − aT (b) = 0 since A is Tauberian. Hence, by hypothesis,
T (ab) = aT (b) (a ∈ A, b ∈ I ). (9)
Now pick a ∈ A and deﬁne the bounded operator D : A → A∗ by
D(b) = T (ab) − aT (b) (b ∈ A).
From (9), D vanishes on I. Moreover, for each b ∈ A, D(b) ∈ I⊥. In order to see this,
by hypothesis, it sufﬁces to show that D(b) vanishes on I0(E). Let c ∈ I0(E) and take
e ∈ I0(E) such that e = 1 on a neighborhood containing suppA c. Then, from (9),
cD(b)= c[T (a(b − be)) − aT (b − be)] + c[T (abe) − aT (be)]
= cT (a(b − be)) − caT (b − be)
= 0,
where the last equality follows since T is local, and suppA c is compact and disjoint
from suppA(b − be). Hence 〈D(b), c〉 = 〈cD(b), e〉 = 0. Therefore we can deﬁne the
bounded operator D˜ : A/I → I⊥(A/I)∗ by
D˜(b˜) = D(b) (b ∈ A).
We show that D˜ is local with respect to A/I -module actions. Let b ∈ A and put
K = suppA/I b˜. By Proposition 2, we can assume that K is compact. Let t ∈ E such
that t /∈ K . Since K is closed in A, there is a compact neighborhood V of t in A such
that V ∩K = ∅. By the regularity of A, there is e ∈ A such that e = 1 on K and e = 0 on
V. Thus be−b = 0 on K. However, K is the closure of {s ∈ E | b(s) = 0}. Hence b = 0
on E \ K . Therefore be − b = 0 on E, and so b˜ = b˜e. Thus D˜(b˜) = D˜(b˜e) = D(be).
On the other hand, be vanishes on a neighborhood containing t. So t /∈ suppA D(be)
since D is local with respect to A-module actions. Hence t /∈ suppA/I D˜(b˜). Thus D˜
is local, and so, by hypothesis, it is a multiplier. Therefore D˜(b˜c) = D˜(b˜)c˜ for all
b, c ∈ A. Hence
T (abc) − aT (bc) = T (ab)c − aT (b)c (a, b, c ∈ A). (10)
Deﬁne the bounded operator D : A → BA(A,A∗) by
D(a)(b) = T (ab) − aT (b) (a, b ∈ A).
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From (10), it is easy to verify that D is well-deﬁned. Moreover, upon setting
〈a · S, b〉 = 〈S · a, b〉 = 〈S, ab〉,
the space BA(A,A∗) becomes a symmetric Banach A-module and D becomes a bounded
derivation from A into BA(A,A∗). However, from Theorem 5(iii), A is weakly amenable.
Hence D = 0. Thus T is a multiplier. 
Let A be the unitalization of A. Then A is a commutative semisimple regular
Banach algebra with the carrier space A ∪ {∞}, where A ∪ {∞} is the one-point
compactiﬁcation of A [2, p. 412].
Corollary 10. A is hyper-Tauberian if and only if A is hyper-Tauberian.
Proof. “⇒”: Follows immediately from Theorem 9.
“⇐”: Since A = I ({∞}), the result follows from Theorems 5(ii) and 7(ii). 
Let A⊗̂B be the projective tensor product of A and B. There is a symmetric Banach
A-module action on A⊗̂B speciﬁed by
c · (a ⊗ b) = (a ⊗ b) · c = ca ⊗ b (a, c ∈ A, b ∈ B).
Similarly, we can deﬁne a symmetric Banach B-module action on A⊗̂B speciﬁed by
d  (a ⊗ b) = (a ⊗ b)  d = a ⊗ db (a ∈ A, b, d ∈ B).
Moreover, it is straightforward to check that for c ∈ A, d ∈ B and x ∈ A⊗̂B
(c ⊗ d)x = c · (d  x) = d  (c · x).
Theorem 11. Let A and B be hyper-Tauberian algebras such that A⊗̂B is semisimple.
Then A⊗̂B is hyper-Tauberian.
Proof. Let T : A⊗̂B → (A⊗̂B)∗ be a bounded local operator. First we show that T is
local with respect to A-module actions. Let x ∈ A⊗̂B and t ∈ A such that t /∈ suppA x.
There is an open set V in A such that t ∈ V , V is compact and V ∩ suppA x = ∅.
Let U be an open subset of B such that U is compact. We claim that
(V × U) ∩ suppA⊗̂B x = ∅. (11)
To this end, it sufﬁces to show that for each y = ∑∞i=1 ai ⊗ bi ∈ A⊗̂B with
suppA⊗̂B y ⊆ V × U , yx = 0. By the regularity of A and B, there are c ∈ Ac
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and d ∈ B such that c = 1 on V, c = 0 on a neighborhood containing suppA x and
d = 1 on U. Thus c ⊗ d = 1 on V × U , and so
y = (c ⊗ d)y =
∞∑
i=1
cai ⊗ dbi. (12)
However, for each i, suppA cai is compact and disjoint from suppA x. Hence (cai) ·x =
0, and so, from (12),
yx =
∞∑
i=1
[dbi  (cai · x)] = 0.
This shows that Eq. (11) holds. Therefore, from the locality of T, V × U is disjoint
from suppA⊗̂B T (x), where U can be any open subset of B with the compact closure.
Hence, for each a ∈ A with suppA a ⊆ V , a·T (x) vanishes on A⊗Bc. Thus a·T (x) = 0.
This means that t /∈ suppA T (x). Therefore T is local with respect to A-module action,
and so it is a left A-module morphism. Hence T (a · u) = a · T (u) for all a ∈ A and
u ∈ A⊗̂B. Similarly, we can show that T (b  u) = b  T (u) for all b ∈ B. Therefore
T [(a ⊗ b)u] = T [a · (b  u)] = a · T (b  u) = (a ⊗ b)T (u).
Hence T is a multiplier. 
Let  : A → B be a bounded algebra homomorphism with dense range. Then ∗
induces a continuous map  : B → A.
Theorem 12. Let A be hyper-Tauberian, and let  : A → B be a bounded algebra
homomorphism with dense range. Then B is hyper-Tauberian.
Proof. First assume that both A and B are unital. In this case, B is compact and
homeomorphic to (B). In particular, (B) is a closed subset of A. It is easy to
see that B becomes an essential symmetric Banach A-module for the action deﬁned by
a · b = b · a = (a)b (a ∈ A, b ∈ B).
Moreover,  is a bounded A-module morphism. Let T : B → B∗ be a bounded local
operator with respect to B-module actions. We claim that T is local with respect to
A-module actions. Let c ∈ B and t /∈ suppA c. Consider the following two cases:
Case I: t /∈ (B). Hence there is a compact neighborhood V of t in A such that
V ∩ (B) = ∅. Let a ∈ A with suppA a ⊆ V . Then (a) = 0, and so, for all b ∈ B,
b · a = 0. Therefore a · [T (c)] = 0. Hence t /∈ suppA T (c).
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Case II: t ∈ (B). So t /∈ suppB c. Thus t /∈ suppB T (c) since T is local. Therefore
there is a compact neighborhood V in A such that t ∈ V ∩ (B) and, for every
e ∈ B with suppB e ⊆ V ∩ (B), we have
eT (c) = 0. (13)
Now let a ∈ A with suppA a ⊆ V . Then suppB (a) ⊆ V ∩ (B), and so, from (13),
a · T (c) = (a)T (c) = 0. Therefore t /∈ suppA T (c).
Hence T is local with respect to A-module actions. Thus, by hypothesis and Propo-
sition 3, T is a bounded A-module morphism. Therefore, for all a ∈ A and b ∈ B,
T ((a)b) = T (a · b) = a ·T (b) = (a)T (b). The ﬁnal result follows from the fact that
the range of  is dense in B.
Now consider the general case. Since A is hyper-Tauberian, A is hyper-Tauberian
from Corollary 10. On the other hand, we can extend  to a bounded algebra ho-
momorphism from A into B by deﬁning (1) = 1. Moreover, (A) is dense in
B. Thus, by the ﬁrst part, B is hyper-Tauberian. Therefore, from Corollary 10, B is
hyper-Tauberian. 
Corollary 13. Let {A}∈ be a family of hyper-Tauberian subalgebras of A such that
A = (⊕∈A)−. Then A is hyper-Tauberian.
Proof. Let A be the l1-direct sum of {A}∈ (see [2, Examples 2.1.18(iii)]). We ﬁrst
show that A is a hyper-Tauberian algebra. It is straightforward to check that A is a
Tauberian algebra whose carrier space, A, is the disjoint union of all A . Also, for
each  ∈ , A is an open-closed subset of A. Thus A \ A is a closed subset
of A. Moreover, A = I (A \ A). Therefore, if T : A → A∗ is a bounded local
operator with respect to A-module action, then, by a similar argument to the one made
in the proof of Theorem 9 and the fact that A is hyper-Tauberian, we have
T (ab) = aT (b) (a ∈ A, b ∈ A,  ∈ ).
Thus, by hypothesis, T is a multiplier. Hence A is hyper-Tauberian. The ﬁnal result
follows from Theorem 12 and the fact that map  : A → A deﬁned by ({a}) = a
is a bounded algebra homomorphism with dense range. 
It is well-known that one sufﬁcient condition for a commutative Banach algebra
A to be weakly amenable is that A is closed linear span of idempotents. We ﬁnish
this section by the following theorem which states that the same assumption forces a
Tauberian algebra to be hyper-Tauberian.
Theorem 14. Let A be a Tauberian algebra. If A is closed linear span of idempotents,
then A is hyper-Tauberian.
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Proof. Let T : A → A∗ be a bounded local operator, and let p ∈ A be an idempotent.
Since p2 = p, suppp is an open-closed subset of A and p = 1 on suppp. Let a ∈ A.
Then suppp ∩ supp (a − pa) = ∅. Hence
supp [pT (a − pa)] ⊆ suppp ∩ supp T (a − pa)
⊆ suppp ∩ supp (a − pa)
= ∅.
Therefore pT (a − pa) = 0, since A is Tauberian. Thus
pT (a) = pT (pa). (14)
Now let b ∈ Ac and take e ∈ A such that eb = b. Since T is local and supp (bp − b)
is compact and disjoint from supppa, (bp − b)T (pa) = 0. Thus
〈pT (pa) − T (pa), b〉 = 〈pT (pa) − T (pa), eb〉
= 〈(bp − b)T (pa), e〉
= 0.
Therefore pT (pa) − T (pa) = 0, since Ac is dense in A. Together with (14), this
shows that T (pa) = pT (a). The ﬁnal result follows since A is closed linear span of
idempotents. 
Example 15. Let  be a non-empty set, and let p ∈ [1,∞). Then lp() and c0(),
with pointwise addition and multiplication, are Tauberian algebras that are closed linear
span of idempotents. Therefore they are hyper-Tauberian. This result also follows from
Corollary 13.
5. Approximately local multipliers and approximately local derivations from
hyper-Tauberian algebras
Let A be a hyper-Tauberian algebra, and let X be a Banach A-bimodule. In [24], we
were concern with the question of when the bounded local derivations from A into X
[i.e. bounded operators in refa(Z1(A,X))] are derivations. Although it is shown that
the answer is afﬁrmative in some cases, we were not able to obtain a general result.
In this section, we answer the question completely in an even more general setting.
We recall from [25] that an operator D from A into X is an approximately local
derivation if for each a ∈ A, there is a sequence of derivations {Da,n} from A into X
such that D(a) = limn→∞ Da,n(a). If, in addition, D is bounded, we say that D is a
bounded approximately local derivation. Similarly, for a Banach left [right] A-module
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X, we can deﬁne approximately local right [left] multipliers and bounded approximately
local right [left] multipliers from A into X.
Theorem 16. Let A be a hyper-Tauberian algebra, and let X be a Banach A-bimodule.
Then every bounded approximately local derivation D from A into X is a derivation.
In particular, Z1(A,X) is reﬂexive and refa(Z1(A,X)) ∩ B(A,X) = Z1(A,X).
Proof. We ﬁrst note that, from [25, Example 4.2], A is approximately locally unital in
the sense of [25, Deﬁnition 3.1]. Therefore, by [25, Theorem 4.4], it sufﬁces to show
that every bounded approximately local multiplier T from A into A∗ is a multiplier.
Let a ∈ A. There is a sequence {Tn} of multipliers from A into A∗ such that T (a) =
lim
n→∞ Tn(a). In particular, since each Tn is a multiplier, ba = 0 imply that bT (a) = 0.
Therefore T is a local operator, and so, by hypothesis, it is a multiplier. This completes
the proof. 
Let A be a Tauberian algebra such that every closed ideal of ﬁnite codimension in
A has a bounded approximate identity. Then, by [2, Corollary 5.3.5], each intertwining
map from A into any Banach A-bimodule is bounded. As we see in the following
theorem, this will help us to show that approximately local derivations from this type
of hyper-Tauberian algebras are bounded, and so they are derivations. Some part of
idea of the proof has been extracted from [16, pp. 324–325].
First let us recall that for Banach spaces X and Y, and an operator T : X → Y , the
separating space of T is S(T ), where
S(T ) = {y ∈ Y | ∃{xn} ⊆ X such that xn → 0 and T (xn) → y}.
So, by Closed Graph Theorem, T is bounded if and only if S(T ) = {0}.
Theorem 17. Let A be a hyper-Tauberian algebra such that every closed ideal with
ﬁnite codimension in A has a bounded approximate identity. Then every approximately
local derivation D from A into any Banach A-bimodule X is a derivation. In particular,
Z1(A,X) is algebraically reﬂexive.
Proof. By the preceding theorem, it sufﬁces to show that every approximately lo-
cal derivation from A into any Banach A-module is bounded. To this end, from [25,
Theorem 3.6] and the remark made after Theorem 16, it sufﬁces to show that every
approximately local multiplier from A into any Banach A-module is a multiplier. Let
Z be a Banach left A-module, and let T : A → Z be an approximately local right
multiplier. For each open subset U of A put
X(U) = I (U), Y (U) = {z ∈ Z | supp z ⊆ A \ U},
where our notations follow that of [26, Theorem 2.3]. Therefore, from the result referred
to, there is a ﬁnite subset E of A such that for every t ∈ A \ E there is an open
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neighborhood Ut of t for which Q(Ut) ◦ T is bounded where Q(Ut) : Z → Z/Y(Ut )
is the natural quotient map. Now let z ∈ S(T ) and {an} ⊆ A such that an → 0 and
T (an) → z. Thus Q(Ut)z = 0, and so supp z ⊆ A \ Ut . Hence
supp z ⊆ E (z ∈ S(T )). (15)
On the other hand, every element in I0(E) has a compact support which is disjoint
from E. Thus, by (15), I0(E)z = 0. This means that I (E)z = 0 since, from Corollary
8, E is a set of synthesis. Therefore, from the fact that I (E) has a bounded approximate
identity, we have
S(T ) ∩ I (E)Z = {0}. (16)
On the other hand, let T0 be the restriction of T to I (E) and a ∈ I (E). By hypothesis,
there is a sequence {Tn} of right multipliers from A into Z such that T (a) = lim
n→∞ Tn(a).
Also, from Cohen’s factorization theorem, there are b, c ∈ I (E) such that a = bc. So
T (a) = lim
n→∞ Tn(bc) = limn→∞ bTn(c).
Hence T (a) ∈ I (E)Z. However, a simple application of Cohen’s factorization theorem
shows that I (E)Z is closed, and so T (a) ∈ I (E)Z. Thus, from (16),
S(T0) ⊆ S(T ) ∩ I (E)Z = {0}.
Therefore T0 is bounded, and so is T since I (E) is a closed idea of ﬁnite codimension
in A. A similar result can be obtained for approximately local left multipliers. 
6. Weak amenability of Ap(G)
Let G be a locally compact group. We recall that the principal component of G
is the component (the largest connected set) containing the identity; we denote it by
Ge. It is easy to see that Ge is a closed normal subgroup of G. Forrest and Runde
have shown in [8] that if G is a locally compact group such that Ge is abelian, then
the Fourier algebra A(G) is weakly amenable. In Theorem 21, we show that for these
kinds of groups, A(G) is actually hyper-Tauberian. To do this, we will follow similar
steps as those taken in [8] and, considering the fact that in Sections 3 and 4 we have
developed the necessary tools for it, we will modify them to prove our results. Finally,
we extend this result to Ap(G) for p ∈ (1,∞).
Proposition 18. Let G be a locally compact abelian group. Then A(G) is hyper-
Tauberian.
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Proof. It is well-known that A(G)⊗̂A(G)A(G×G) (e.g. [20]). Thus, since the diago-
nal  is a closed subgroup of G×G, by Takesaki and Tatsuuma [28, Theorem 3],  is a
set of synthesis for A(G)⊗̂A(G). So we have the result from
Theorem 6. 
Lemma 19. Let G be a locally compact group, and let H be an open subgroup of G
such that A(H) is hyper-Tauberian. Then A(G) is hyper-Tauberian.
Proof. Let T : A(G) → A(G)∗ be a bounded local operator, and let a, b, c ∈ A(G)
have compact supports. Since H is open, there are {xi}ni=1 ⊆ G such that
supp a ∪ supp b ∪ supp c ⊆
n⋃
i=1
xiH, (17)
where the union on the right side is disjoint. For i = 1, . . . , n, let i be the characteristic
function of xiH . Since H is open, each i belongs to B(G) [5, Proposition 2.31]. Hence
Ai = iA(G) is a closed subalgebra of A(G) isometrically isomorphic to A(H). Since
A(H) is hyper-Tauberian, each Ai is hyper-Tauberian. Therefore, if A is the closure
of A1 ⊕ . . . ⊕ An in A(G), then, by Corollary 13, A is hyper-Tauberian. Now let
 : A → A(G) be the inclusion map. Then ∗ ◦ T ◦  : A → A∗ is local with respect to
A-module actions, and so, it is a multiplier. Therefore
〈T (uv),w〉 = 〈uT (v),w〉 (u, v,w ∈ A). (18)
On the other hand, if u is an element in A(G) with supp u ⊆ ∪ni=1xiH , then u =
1u + · · · + nu ∈ A. Hence, from (17) and (18),
〈T (ab), c〉 = 〈aT (b), c〉.
The ﬁnal result follows since A(G) is a Tauberian algebra.
Lemma 20. Let G be a locally compact group such that Ge is abelian, and let K be
a compact normal subgroup of G such that G/K is a Lie group. Then A(G/K) is
hyper-Tauberian.
Proof. Let  : G → G/K be the quotient map. By [14, Theorem 7.12], the principle
component of G/K is (Ge)−. Thus (G/K)e is abelian, and so, by Proposition 18,
A((G/K)e) is hyper-Tauberian. However, (G/K)e is open, since G/K is a Lie group
[21, 12.2.4 Deﬁnition]. Hence A(G/K) is hyper-Tauberian from Lemma 19. 
We recall from [21, 12.2.14 Deﬁnition] that a locally compact group G is called a
pro-Lie group if every neighborhood of the identity contains a compact normal subgroup
K so that G/K is a Lie group.
E. Samei / Journal of Functional Analysis 231 (2006) 195–220 215
Theorem 21. Let G be a locally compact group such that Ge is abelian. Then A(G)
is hyper-Tauberian.
Proof. First consider the case where G is a pro-Lie group. Let T : A(G) → A(G)∗ be
a bounded local operator, and let  > 0. As it is shown in [8, Theorem 3.3], there is a
compact, normal subgroup K of G and a projection P : A(G) → A(G) such that G/K
is a Lie group and
‖u − Pu‖ (u ∈ A(G)). (19)
It is easy to see that P is a projection onto A(G : K), the subalgebra of A(G)
consisting of those functions that are constant on cosets of K; this algebra is iso-
metrically isomorphic to A(G/K) [5, Proposition 3.25]. Therefore, by Lemma 20,
A(G : K) is hyper-Tauberian. Now let  : A(G : K) → A(G) be the inclusion map.
Then ∗ ◦ T ◦  : A(G : K) → A(G : K)∗ is local with respect to A(G : K)-module
actions, and so it is a multiplier. Therefore
〈T (PaPb), P c〉 = 〈PaT (Pb), P c〉 (a, b, c ∈ A(G)). (20)
Now let a, b, c ∈ A(G)1 where A(G)1 = {u ∈ A(G) | ‖u‖1}. Then, from (19),
|〈T (ab) − aT (b), c − Pc〉|  ‖T (ab) − aT (b)‖ ‖c − Pc‖
 2‖T ‖.
Consequently,
|〈T (ab) − aT (b), c〉| = |〈T (ab) − aT (b), (c − Pc) + Pc〉|
 2‖T ‖ + |〈T (ab) − aT (b), P c〉|.
Similarly, we can show that
|〈T (ab) − aT (b), P c〉|2‖T ‖ + |〈T [(Pa)b] − PaT (b), P c〉|,
and so,
|〈T (ab) − aT (b), c〉|4‖T ‖ + |〈T [(Pa)b] − PaT (b), P c〉|.
Finally, by applying a similar argument, we have
|〈T (ab) − aT (b), c〉|  6‖T ‖ + |〈T (PaPb) − PaT (Pb), P c〉|
= 6‖T ‖,
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where the last equality follows from (20). Hence
〈T (ab) − aT (b), c〉 = 0,
since  was arbitrary. The ﬁnal result follows since A(G) is the linear span of A(G)1.
For the general case, we note that by [21, 12.2.15 Theorem], G has an open subgroup
H such that H is a pro-Lie group. In particular, Ge ⊆ H since H is an open-closed
subset of G and Ge ∩ H = ∅. Hence He is abelian, and so, by the preceding case,
A(H) is hyper-Tauberian. Therefore A(G) is hyper-Tauberian from Lemma 19. 
Theorem 22. Let G be a locally compact group such that Ge is abelian, and let p ∈
(1,∞). Then Ap(G) is hyper-Tauberian. In particular, Ap(G) is weakly amenable.
Proof. Let T : Ap(G) → Ap(G)∗ be a bounded local operator. We claim that T is
local with respect to A(G)-module actions. Let a ∈ Ap(G) and t /∈ suppA(G) a. It is
easy to see that
suppA(G) a = suppAp(G) a = cl{s ∈ G | a(s) = 0}.
Therefore there is a compact neighborhood V of t in G such that V ∩ suppAp(G) a = ∅.
Let c ∈ A(G) with suppA(G) c ⊆ V . By the regularity of Ap(G), there is an element
e ∈ Ap(G) with compact support such that e = 1 on V and suppAp(G) e∩suppAp(G) a =∅. Thus, since T is local,
suppAp(G) e ∩ suppAp(G) T (a) ⊆ suppAp(G) e ∩ suppAp(G) a = ∅.
Hence eT (a) = 0, and so,
cT (a) = ceT (a) = 0.
Therefore t /∈ suppA(G) T (a). Thus T is local with respect to A(G)-module actions. On
the other hand, Ap(G) is essential as a symmetric Banach A(G)-module. Consequently,
by Theorem 21 and Proposition 3, T is an A(G)-module morphism. Hence
T (ab) = aT (b) (a ∈ A(G), b ∈ Ap(G)).
Therefore T is a multiplier since C00(G) ∗ C00(G) is a subset of A(G) whose linear
span is dense in Ap(G) in ‖ · ‖p-norm. 
Corollary 23. Let G be a locally compact group such that Ge is abelian, and let
p ∈ (1,∞). Then every bounded approximately local derivation from Ap(G) into any
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Banach Ap(G)-bimodule is a derivation. If, in addition, G is amenable, then the result
is true for all approximately local derivations.
Proof. By the preceding theorem, Ap(G) is hyper-Tauberian. Hence the result follows
from Theorem 16. If G is amenable, then, by Forrest [7, Theorem 4.2], every closed
ideal with ﬁnite codimension in Ap(G) has a bounded approximate identity. Therefore,
by Theorem 17, approximately local derivations from Ap(G) are derivations. 
Remark 24. (i) Let G be the group of rotation of R3. By Johnson [15, Corollary 7.3],
A(G) is not weakly amenable. Therefore A(G) is not hyper-Tauberian.
(ii) In Theorem 5 we showed that a hyper-Tauberian algebra is a weakly amenable
Tauberian algebra. However, the converse may to be true. To see this, let T be the unit
circle. It is shown in [2, Corollary 5.6.45] and its proof that there is a closed subset E
of T such that E is a set of non-synthesis for A(T) but I (E) = I (E)2, so that I (E) is
weakly amenable [2, Theorem 2.8.69(ii)]. Hence I (E) is a weakly amenable Tauberian
algebra [2, Corollary 2.8.70]. However, by Proposition 18, A(T) is a hyper-Tauberian
algebra. Therefore, by Theorem 7(ii), I (E) is not hyper-Tauberian. Thus, by Corollary
10, I (E) is not hyper-Tauberian.
(iii) If Ge is abelian, then Ap(Ge) has a dense homomorphic image of A(Ge) (see
for example [12, Theorem C]), and so it is weakly amenable. This, together with [13,
Propositions 5 and 6] can be used to adjust the argument presented in [8, Theorem
3.3] and show that Ap(G) is weakly amenable if Ge is abelian.
7. Operator weak amenability of Ap(G)
Let A be a Banach algebra which is additionally an operator space (see [4] for the
reference on the theory of operator spaces). A is called a quantized Banach algebra
if the multiplication m : A⊗̂opA→ A is completely bounded, where ⊗̂op is the oper-
ator projective tensor product (see [4, Chapter7]). In the case when m is completely
contractive, A is called a completely contractive Banach algebra. Let X be a Banach
A-bimodule. Then X is called a quantized A-bimodule if X is an operator space and
the A-bimodule operations
A⊗̂opX → X; a ⊗ x → ax
and
X⊗̂opA→ X; x ⊗ a → xa
are completely bounded. It is easy to check that there is a natural quantized A-bimodule
structure on X∗. A is called operator weakly amenable if every completely bounded
derivation from A into A∗ is inner [9]. By Forrest and Wood [9, Proposition 3.2], for
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A commutative, this is equivalent to saying that every completely bounded derivation
from A into any symmetric quantized A-module is zero.
In this ﬁnal section we ﬁrst study the quantized theory of hyper-Tauberian algebras
and then apply it to the Figà–Talamanca–Herz algebra. We start with the following
deﬁnition which is the natural quantization of Deﬁnition 4.
Deﬁnition 25. Let A be a commutative regular semisimple quantized Banach algebra.
We say that A is a quantized hyper-Tauberian algebra if every completely bounded
local operator from A into A∗ is a multiplier.
It is straightforward to verify that the analogue properties of hyper-Tauberian algebras
which we studied in Sections 3 and 4 hold also for quantized hyper-Tauberian algebras.
We summarized some of them in the following theorem:
Theorem 26. Let A be a quantized hyper-Tauberian algebra. Then:
(i) A is Tauberian;
(ii) every ﬁnite subset of A is a set of synthesis for A;
(iii) A is operator weakly amenable;
(iv) a closed ideal I in A is quantized hyper-Tauberian if and only if I = I0(E) for
some closed subset E of A;
(v) a closed subset E of A is a set of synthesis (local synthesis) for A if and only
if I (E) (J (E)) is quantized hyper-Tauberian;
(vi) A is quantized hyper-Tauberian.
Proof. We note that if  ∈ A∗, then, by [4, Corollary 2.2.3], ‖‖cb = ‖‖. Thus,
for every f ∈ A∗, the operator S : A → A∗ deﬁned by S(a) = (a)f (a ∈ A) is
completely bounded. Hence (i)–(iv) follow from the quantized versions of Theorems
5, 7, and Corollary 8. Finally, it is shown in [4, Chapter 3] that there is an operator
space structure on A such that the inclusion map  : A → A is completely bounded.
Therefore a simple calculation shows that A is a quantized Banach algebra, and so,
by the quantized version of Corollary 10, A is quantized hyper-Tauberian. 
In Theorem 16 we showed that bounded approximately local derivations from
hyper-Tauberian algebras are derivations. The following theorem states the quantized
version of that result.
Theorem 27. Let A be a quantized hyper-Tauberian algebra, and let X be a quantized
A-bimodule. Then every completely bounded approximately local derivation T from A
into X is a derivation.
Proof. It follows from the quantized version of Theorem 16. 
Let G be a locally compact group. It is well-known that A(G), the Fourier algebra
of G, is the unique predual of VN(G), the von Neumann algebra generated by the left
regular representation of G on L2(G) [5]. Since VN(G) ⊂ B(L2(G)) is an operator
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space, A(G), regarded as the operator predual of VN(G), has a natural operator space
structure which makes it a completely contractive Banach algebra [4, Chapter 16].
Now let p ∈ (1,∞) and suppose that there is an operator space structure on the Figà–
Talamanca–Herz algebra Ap(G) such that it turns Ap(G) into a quantized Banach
algebra and Ap(G) becomes a quantized A(G)-module (in [18], one such operator
space structure has been constructed on Ap(G)). In this case, we can show that Ap(G)
is a quantized hyper-Tauberian algebra.
Theorem 28. Let G be a locally compact group, and let p ∈ (1,∞). Then Ap(G) is
a quantized hyper-Tauberian algebra.
Proof. We ﬁrst show that A(G) is quantized hyper-Tauberian. It is shown in [3] that
there is a complete isometry
A(G)⊗̂opA(G)A(G × G).
This map is also an algebraic isomorphism. Thus A(G)⊗̂opA(G) is semisimple, and
so, since the diagonal  is a closed subgroup of G×G, by Takesaki and Tatsuuma [28,
Theorem 3],  is a set of synthesis for A(G)⊗̂opA(G). Hence the result follows from
the quantized version of Theorem 6. The ﬁnal result follows from the quantization of
the argument made in the proof of Theorem 22. 
The following corollary states some of the major results that we can obtain for
Ap(G) as a quantized hyper-Tauberian algebra:
Corollary 29. Let G be a locally compact group, and let p ∈ (1,∞). Then:
(i) Ap(G) is operator weakly amenable;
(ii) completely bounded approximately local derivations from Ap(G) into any quan-
tized Ap(G)-bimodule are derivations.
Proof. The results follow from Theorem 28, part (iii) of Theorem 26 and Theorem 27.
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